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The equations of conservation of mass and momentum are considered for a fluid disper-
sing medium with suspended particles (the dispersible phase) along an arbitrary discon-
tinuity surface of a disperse system, Conditions binding the velocity, pressure and con-
centration jumps are derived, and a model of surface tension at such surface is suggested.,
The coefficient of surface tension is dependent on the interrelation between the densities
of phases, size of the dispersed phase particles, as well as on other parameters,

The problem of stability of the horizontal surface of a concentration discontinuity is
solved, It is shown that, when a suspended layer is above the discontinuity surface, this
surface is stable with respect to perturbations of sufficiently small wave length, The
critical wave length, which defines the limit conditions of the onset of piston type fluid-
ization, substantially depends on the effective surface tension, The upper free surface
of the suspended layer remains, as expected, stable relative to perturbations of any wave
length, The obtained results are in agreement with available experimental data,

A number of problems of mechanics of disperse systems reduce to the investigation
of discontinuity surfaces, One of the most important among these is the determination
of conditions for the occurrence of piston type fluidization which disrupts in the system
the regular pattem of technological processes [1, 2], The piston mode implies a sharp
disruption of the suspended layer homogeneity, and can only be observed in sufficiently
narrow tubes, It is characterized by a vertical stratification of a two-phase system into
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layers containing either the two-phase mixture or the homogeneous dispersing medium,
thus resulting in a multiple-sandwich-like structure of the whole system, It is natural
to expect that the problem of existence of the piston mode can be reduced to the ana-
lisis of stability of the discontinuity surface,

Conditions at the discontinuity surface in a disperse system were, apparently, first con-
sidered in [3, 4], An attempt at solving the problem of the discontinuity surface stability
made by Rice and Wilhelm [5] led them to the conclusion that there was complete insta-
bility at the discontinuity surface in the case of the mixture lying above a homogeneous
dispersing medium, The discrepancy between experimental data and the conclusion
reached by these authors results from the use of a crude model for the suspended layer
and for the discontinuity surface, The same model was later used by Murray [6] for prov-
ing the stability of the upper free surface of a suspended layer, The main shortcoming
of these investigations was the neglect of surface tension,

The existence of surface tension on a surface of discontinuity in a disperse system was
itself a subject of controversy [1, 2], As far as the writers are aware, neither the support-
ers, nor the opponents of this hypothesis had given any substantiated reasons for their
respective views, if one disregards references to the similarity of a number of phenomena
in a suspended layer and in a homogeneous fluid [2, 7], There had even been an attempt
at experimental determination of the surface tension coefficient [7].

In this paper the discontinuity surface stability in a suspended layer is considered on
the basis of strict initial conditions obtaining at this surface including, in particular, a
certain model of surface tension,

1, Conditions at the surface of discontinuity, Model of surface
tension, As the initial model of the disperse system we take a binary medium con-
sisting of two interpenetrating and interacting continuous media, For simplicity, we
assume the two media to be perfect fluids, i, e, we shall neglect stress deviators in both
of these, The equations of conservation of momentum and mass of the dispersing medium
and of the dispersed phase may then be written as

die[ 4 + (V) |v=— Wi +deg —

dop |5 + (WV) W= — VD, + dopg -+ (1.1)
% Ve =0, L4VeEw=0, etp=1

Here v, d;, p, and w, d,, D, are, respectively, the velocities, densities, and pressures
of the dispersing medium and of the dispersed phase, p is the volume concentration of
the dispersed phase (¢ = 1 —p is the system porosity), T is the force of interaction
between the dispersing medium and the dispersed phase, and g is the acceleration due
to the external field forces,

We represent the interaction force f in the form

f =—pVp, — pu¥ (u,p), u=w-—YV (1.2)
where the first term corresponds to the force acting on the particles of the dispersed

phase caused by pressure gradient in the dispersing medium, and the second term ~
to the generally nonlinear resistence force acting on the particles during their motion
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relative to the dispersing medium, Both forces relate to a unit volume of the mixture.

Expressing force f in the form (1.2) implies the taking into account its main compo-
nents only, while neglecting the effects of acceleration in the relative motion of parti-
cles (the effect of apparent additional mass and increased resistance due to unsteady flow
past the particles), This is fully justified,e. g. in the case of particles of considerably
greater density than that of the dispersing medium, or of motion whose frequency is small
in comparison with the reciprocal of the particle velocity relaxation time in the stream,

Let us now assume that within the volume of a disperse system there is a certain dis-
continuity surface on both sides of which the concentration of particles is different, It
is natural to assurne that this concentration jump will be accompanied by discontinuities
of other parameters,

Such surface may separate regions containing particles of one kind and, in particular,

a disperse system from the stream of a homogeneous dispersing medium, It can also
serve as the interface of regions containing particles of different kinds, which is charac-
teristic, for example, of problems related to the separation of particles in a stream,

The discontinuity surface is clearly an idealized concept of an actual transition layer
of thickness 2A in which parameters of the disperse system vary much more abruptly
than in the regionson bothof its sides, Clearly, the order of magnitude of A is the same
as that of the mean distance hetween particles in the neighborhood of that layer.How-
ever, the disperse system model defined by the continuity equations (1,1) is, strictly
speaking, valid for investigating processes whose characteristic linear scale is consider-
ably greater than the indicated distance, Hence, in the framework of this model we can
set A tending to zero, and talk of a surface of discontinuity,

we introduce a system of orthogonal coordinates z, y, z attached to a certain element
of plane z = 0 of the discontinuity surface S, and denote the values in regions z > 0
and z < () by superscripts plus and minus, respectively,

Integrating the mass conservation equation (1. 1) with respect to z from — Aot A
and decreasing A to zero, we obtain for the values on the two sides of the surfacez = 0
the following relationships;

(ev,)" = (ev,), (ow,)* = (pw,)” (1.3)

which represent the conditions of continuity of the streams of the fluid and particles
across surface §S.

To obtain conditions for the tangential velocity components, we integrate in a simi-
lar manner the x- and y-components of the momentum conservation equations (1.1).
For this we first transform the left-hand sides of these with the aid of the equation of
mass conservation as follows;

e[ &+ ()] v = V) + V€T, o[+ (WD) [w = 5w+ V(T
T,=lvwsl  To=lwanl  ti==v (1.4)

Using transformation (1, 4), from the z- and y-components of the momentum conserva-
tion equation (1, 1) we obtain

(evav,)" = (evyv,)7, (evw,)* = (evyw,)”
(pwaw,)" = (pww,)", (pwyw,)" = (pw,w,)” (1.9)
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Relationships (1. 3) and (1. 5) yield
v =vy, vi=v", wSf=w", wr=wS (1.6)
which represent the conditions of continuity of the tangential velocity components at
surface .

From the z-component of the equation of momentum conservation of the dispersing
medium we similarly obtain

2\~ 2NH] __ o+ -
Yodi [0 — @) =p" — p (1.7)
It is more convenient to consider the sum of the z- components of the momentum con-
servation equation of the dispersed phase and of that of the dispersing medium, rather

than the z-component of the momentum conservation equation of the dispersed phase,
Then, using again transformation (1. 4), we obtain
dy [(e2.%)" — (0.1 + dy [(ow,?)” — (pw.?)') = pi* — p” + pla—p”  (1.8)

The relationships (1. 7) and (1. 8) obviously represent, respectively, the conditions of
equilibrium of normal stresses in the dispersing medium and of total normal stresses of
the whole system along surface §. The equation of equilibrium of the total tangential
stresses directly follows from relationships (1. 5), These, together with condition (1. 8),
may be considered as the conditions of the density tensor continuity for the total stream
of momentum II at surface §

Il = (p, + pa)1 + dieT, + dopTy, I=3;] (1.9)

We note that condition (1, 7) may, also, be derived directly from the Bernoulli integral
for the flow of liquid through a lattice of particles, However, in the derivation of (1.7)
the conditions necessary for the existence of the Bernoulli integral were not used.

We would emphasize that relative velocities appear in the conditions derived above
for the discontinuity surface, and that, generally, the normal velocity components are
not necessarily zero, in other words, a migration of particles through the discontinuity
surface is possible, However, in a number of cases, for example, when S is the boundary
between a disperse system and a homogeneous dispersing medium, such migration of
particles is not possible, since from the second of conditions (1. 3) follows that w,~ = 0
when p+ = 0,

Only a plane element of the discontinuity surface was considered above. Let us now
see how condition (1, 8) is to be altered in the case of total normal stresses at a curvi-
linear interface z = {(¢, «, y). For this we will consider the work 84 required for the
virtual dislocation 3{ of this interface. The work 84 fis, obviously, the sum of the
work expended on changing the volume of the disperse system and of that of changing the
area 8§ of the discontinuity surface §.

Then

84 =\{p* + po* — P — P+ di [(e02) — (0.1 +
8
+ dy (w2 — (pw,2)1} 8L dS + adS (1.10)

where @ is the energy required for a unit increase of the discontinuity surface area,

The reasoning which follows is exactly the same as that applicable to the interface
of two monophase fluids (see, e. g, [8]). As the result we obtair for the total normal
stresses
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P =P Pt — P Ay [(@07) — (e0.7)7] + 4y [(pw.?)” — (pw,2)] —
—a(R + R =0 (1.11)
where R, and R, are the. principal radii of curvature of the discontinuity surface,

It will be seen from (1,11) that in the case of a curvilinear surface the condition for
the total normal stresses differs from the corresponding condition (1. 8), applicable to a
plane surface, by a supplementary term which is due to the surface curvature and normal
translation of particles,

Obviously, the conditions for total tangential stresses and for normal tensions in the
fluid, as well as those for the continuity of streams of fluid and particles remain unchanged,
hence, conditions (1. 3), (1. 6) and (1. 7) are valid for a curvilinear discontinuity surface,

Relationships (1. 3), (1. 6), (1. 7) and (1. 11) represent the boundary conditions imposed
on the solution of the system of Egs. (1.1) at the discontinuity surface z = { (¢, z, y).

Let us now consider parameter o, appearing in condition (1,11) and representing the
coefficient of effective surface tension at the discontinuity surface, as the energy required
for a unit increase of the discontinuity surface area, as defined in formula (1,10). For
this we revert to the 2A thick transition layer mentioned above, and in which the para-
meters of motion in the system are subject to abrupt variations, An increase of the dis-
continuity surface, obviously, indicates the migration of a definite number of particles
from the depth of the disperse system into this transition layer, The work expended on
pushing a single particle from the plus region to the center of such layer is

+0 o+
A =1lim {or 2P dz— — 0 (p"—p) (1.12)
A-D A

Moving a particle from the minus region to the center of the transition layer necessi-

tates, similarly, the work —0 s
Am=lim \ 0"Pdz = S (p,' — py) (1.13)

A= —A

where 0% and 0- are the volumes of particles in the plus and minus regions, respec-
tively.

By definition ~
= AN+ - AN~ (1.14)
where N+t and N - are the numbers of particles which, owing to the unit increase of
the discontinuity surface area, reach it from the plus and minus regions, respectively.

Values Nt and N~— are readily expressed in terms of volume and concentration
of particles ,

e _ [Pt \h - [P */s
N_(9+> : N_(e_) (1.15)
Now, from (1.12)— (1 15) we finally obtain
o =1/, [(p6")~ — (p*0')*] (pr* — p17) (1.16)

Thus the coefficient of surface tension is shown to be proportional to the pressure jump
at the discontinuity surface of a disperse system.
With the use of condition (1. 7) o can, also, be presented in the form

o = 1/ydy [(p¥:0°)" — (p¥+6'%)"] [(v.°)” — (V)] (1.17)
It can be seen from (1.17) that the coefficient of surface tension reaches its maximum
when the discontinuity surface is the interface of a disperse system (e. g. a suspended
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layer) and a homogeneous dispersing medium, To avoid ambiguity, let us assume that
the discontinuity surface is horizontal, and relate the minus superscript to the disperse
system, which is assumed homogeneous. Then, taking into consideration the first of con-
ditions (1. 3), we obtain pt=0, p =p, e =¢, v, =U, v, =¢W
where U is the velocity of the ascending stream of the dispersing medium. In this case
the coefficient of surface tension will be
o = 1/4dlpzlnel/a (8—2 . 1) U2 (1'18)
To find the dependence of the surface tension coefficient on the physical parameters
of the dispersing medium and of particles of the dispersed phase we use the empirical
formula proposed in [10] which it is convenient to present in the form
2 ca’g ., dy—d
z_l_i____, B= 2ge’/‘, =8
9 @ 410.0955 VB8 v d

U (1.19)

where v is the kinematic viscosity of the dispersing medium, a. is the radius of the dis-
persed phase particles (particles are assumed to be spherical). This dependence corre-
sponds, also, to the known emperical formulas of Richardson and Zaki [107.

From (1.18) and (1.19) follows that for B << 1 (practically for § < 1) the coefficient

of surface tension is @ = 0.020d; (1+4-¢) (1 — e)“/s e P2 (d — d)? asg? (1.20)

i.e. it is inversely proportional to the square of the fluid dynamic viscosity, and directed
proportional to the square of the difference between the particle and fluid densities and
to the fifth power of the particle size. For 8 >> 1 (practically for § >x 104)

a=x=22(1+e)(1—e)he™ (dy —dy) a%g (1.21)
i.e. in this case the surface tension coefficient is proportional to the difference of den-
sities of particles and fluid and to the square of particle size, while being independent
of the fluid viscosity,

Thus, depending on the physical parameters of the disperse system, the coefficient of
surface tension can vary between very wide limits,

Let us consider a few typical examples, We shall determine the surface tension coef-
ficient at the horizontal free surface of a homogeneous layer of porosity & = 0.5 of par-
ticles of a catalyst of density d, == 3 ¢/cm3 and radius 0.05 and 1 mm fluidized by
water (d; = 1g/cm3, v = 0.U1 c1:¥s) and air (d; == 0.0012 g/cm?, v = 0.15 cm?/s),
Wwith use of formulas (1.20) and (1. 21) we obtain:

for fluidization by water
U= 0.041 cm/s, a = 6 x10-%erg/cm?;a = 0.05 mm)

U = 4.6 cm/s:, @ = 1.5erg/cm*(a = 1 mm)

for fluidization by air
U=32cm/s, a=4.5x10-8erg/cm?{g = 0.05mm)
U =190 cm]s, a = 3.5erg/cm? (a = 1 mm)
These values of « prove the groundlessness of the controversy over the existence or
otherwise of surface tension in a suspended layer. In fact, this coefficient is negligibly

small in the case of minute particles, and appreciable in that of large ones (for compa-
rison we recall that at the water-air interface o = 72 erg/cm?),
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2. The stability of discontinuity {n a suspended layer, Letus
investigate the stability of the surface of discontinuity of the solid phase concentration
in a suspended layer for the case, most important in practice, in which a horizontal dis-
continuity surface separates the region of a homogeneous suspended layer from that con-
taining a homogeneous dispersing medium, with the homogeneous fluid stream normal
to the discontinuity surface,

This comprises the following two kinds of the discontinuity surface :

1) the stream of fluid is directed toward the suspended layer lying above the dis-
persing medium (e, g. the upper surface of fluid in the piston mode);

2) the stream of fluid is directed toward the homogeneous dispersing medium lying
above a suspended layer (e, g. the upper free surface of a homogeneous suspended layer,
or the lower surface of the fluid interlayer in the piston mode of fluidization),

We shall assume for simplicity that the homogeneous dispersing medium and the sus-
pended layer occupy half-spaces, and limit our analysis to the case of linear dependence
on u of the resistance to the relative motion of particles, Function F(u, &) in (1,2)

assumes then the form [9, 10]

do—d 2 a® de—d
Flue)=K() ==, 1=-5-"—"02 (2.1)

where T is the relaxation time of particle velocity (for spherical particles T = T,).

Let plane z = ( in an orthogonal system of coordinates &, y, z be the unperturbed
discontinuity surface, and let the homogeneous dispersing medium and the suspended
layer occupy, respectively, regions z >> 0 and z <C 0, As previously, we denote all
values in regions z >> 0 and z <C O by superscripts plus and minus, respectively,

Equations (1,1) with (1,2) and (2.1) taken into account admit the following simple
solution ;

)

v =0 =0, v =U=—vg, B =t =0 (22
v, =v,"=0, v =Uk", " =w"=w""=0, p° " =1—2" = const
P’ =di1g.2 + Py’ P = 1dy +(dy —d) p°71 8.2+ Pro”
o - . o d—en R B
P2’ = P = (P10 — Puo )q—_ﬁr, P’ — Pro = U [(T;——1]

which at the discontinuity surface satisfies conditions (1. 3) and (1, 6) ~ (1. 8), and cor-
responds to a2 homogeneous stream of fluid (region z > 0) and a stationary homogene-
ous region of suspended particles (region 2z << 0),

In the expressions (2.2) U is the velocity of the stabilized homogeneous flow of fluid
along the z-axis (rate of filtration through a suspended layer of porosity €°-), and p;o*
and Pyo~, Pao” are the pressures at the discontinuity surface for z —- + 0 andz — -0,
respectively, Any two of the three parameters U/, €°~, T and, obviously, the densities
of the fluid and of the solid phase are assumed to be known,

we note that for the chosen orientation of the z-axis, g, = + g and U < 0 cor-
respond toadiscontinuity surface of the first kind, and §; = — g and U > 0 to that
of the second kind,

Let us now consider small perturbations of the discontinuity surface

z = ;(x’ ¥, t)
together with related perturbations of the stationary solution (2. 2), i, e, we set
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q(z, ¥y, 2, t) = ‘Io(z) + q’(zv Y, 2, ¥) (23)
where ¢ is meant to denote the velocity and pressure components at the two sides of the
discontinuity surface, For simplicity it is also assumed that the solid phase concentration
is not subject to perturbations, i, e, that perturbations of the discontinuity surface do not
affect the homogeneity of the suspended layer; this is in complete agreement with ex-
perimental data,

Taking into account the unperturbed solution (2, 2), we substitute expressions (2, 3)
into the Egs, (1.1) and linearize these with respect to perturbations, In the following,
all primes denoting perturbations will be omitted, and, since the solid phase remains
unperturbed, all superscripts at p°_ and ¢ will be discarded, i. e, parameters p and
¢ will be taken as the unperturbed values of concentration of the solid phase and of the
suspended layer porosity, respectively,

Thus for small perturbations we obtain equations

—d
(—;,"’7+U-§7)v*=—i"m*' w=0 o=t @y
K - — _
ow~ i — - cpK(p) w— v L
P au; ="'71;V(PP1 +Pa)“ 1+ T y Vw~ =0 (25)

In the case of perturbations the boundary conditions (1. 3),(1.6),(1. 7) and (1,11) must
be set at the perturbed discontinuity surface z = {(z, y, f). The corresponding con-
ditions related to the unperturbed discontinuity surface z = 0 are of the form

9 _ _, .0
_?9—%_=wz 1 v, =ev, +p_¢’%. (2.6)
U o -, U 3
t=v P e wr=v TT;C,'

U(—:;—— 1) (U % ) (P1 —p) —p3gd

1 2. oty 1 _ @ 9% )
U(T—1> (v~ ) =Pt ( 5 T op
We follow the conventional method of expanding perturbations into spectrum, and
analyze the elementary perturbations

¢ = Qexp(—iot + Az + ikx +iky), Imk,=Imk,=0 (2.7)
Here ¢’ is meant to denote velocity and pressure perturbations on the two sides of the
discontinuity surface, as well as the perturbations of this surface itself (in the latter case
A = 0). A sufficient condition for the instability of the considered discontinuity surface
is the presence in the spectrum (2. 7) of terms containing Im ® ~> 0; this condition
is also necessary, since system (2, 7) is complete, i, e. when Im @ << 0, the discontinu-
ity surface is stable,

For the amplitudes of velocity component perturbations along the r - and y-axes we
introduce transformation

kax -+ kyQy = I"Q’ k= (kx2 + kug)'h (2'8)
Wwith the use of (2. 8) the problem is reduced to the analysis of two-dimensional
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perturbations {analogy with the theorem of Squire).
Taking into account transformation (2, 8), we substitute (2. 7} into Egs. (2.4) and obtain
for the perturbation amplitudes in the region of the dispersing medium the following sys-

tem of equations: N (2.9
(Uh—io)V, = — 2P (Uh—i0) V' = — S AN N

The roots of the characterismc equation of system (2, 9) are
M=k, A=tk AT =iel! (2.10)

Solutions corresponding to the root A,” must be discarded, since they do not attenuate
at infinity (for z — oo}. It is not difficult to see that the solutions corresponding to root
Ay are attenuated at infinity only for Imw << 0, U< 0 ,or forlm o >0, U "> 0
Hence in the case of a discontinuity surface of the first kind (U << 0) these solutions
can also be discarded as being obviously stable, Solutions corresponding to the root Ag*
will, therefore, be taken into consideration only for discontinuity surfaces of the second
kind (U > 0).

The nontrivial solutions of system (2, 9) considered in the following can be written as
Vied4d, Vi=—id, P'=—dU-+iok™)4 (A= 1ry")
Vi=B**, Vi=—iB** P=0 (h=1L") 2.4

Here A and B** are arbitrary constants, and the asterisks in the superscript denote
that the constant does not vanish only in the case of a discontinuity surface of the second
kind,

For the amplitude of pertwrbations in the region of a suspended layer we obtain from
2, 5) the following system of equations:

. - Y - W,-—V,-
({—h—zm)Vz =—~--‘-j——1°1 —pﬁg,s——g——-i»
(~l—zm)V"=—mPl — pog,E W- v

_ _ pog et W“ v,
“""'l(ﬂpW 3m_(pp1 +P2)+ 14a (7]

_ - psgE® W- V-

AV, +sz =0, AW, +ikW-=0 (2.12)

The roots of the characteristic equation of system (2, 12) are
Me=—k,  Ma= »Hg (2.13)

b s [t {1+ 1055 ]

The solutions corresponding to roots A1,2 must be discarded, since they do not atte-

nuate at infinity {z - — o0). Let us now consider the root A5~ and determine the
sign of its real part, It can be shown that (2.14)
140 Imo-+yjol? f4s U

- &
Re A; =_7,m1mm—p i 1T F 2 Imo+x2ep ’ %= cg, &

From (2. 14) follows that perturbations which are either intensified with time{(Imw>
>0) or are neutral {Im ® = 0) attenuate at infinity (Re s~ > 0) for U < U only,
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i, e, in the case of a discontinuity surface of the first kind. Hence, solutions correspond-
ing to root A5~ should be taken into consideration only in this case; for a discontinuity
surface of the second kind they must be discarded as either attenuating at infinity or a
fortiori stable,

The nontrivial solutions of system (2, 12) considered below may be written in the form

V., =¢C, V-=iC, W,/ =D, W= =iD

d1 e di

Pl_ T (lm——k+95g1 U)C psgzU & —D

e

. d dp /. sg,
P2 = lltp( lm+—k_ngU/C+ 2P (l())—f—mﬁ‘)D
(h=1254)
V-—FE* V-—iklE*, Py =P, =0

W;=P4-1 %ﬁm—mt%ﬂE*

pog,
- . . U 7\45—
wo=ift + (=1 T)]TE* (2.15)
(7" = M)

Here C, D and E* are arbitrary constants, while the asterisk in the superscript denotes
the constant which is not zero only in the case of a discontinuity surface of the first kind,
Substituting the spectral expansion (2.7) into the condition (2, 6) at the discontinuity

surface, and using transformations (2. 8) and solutions (2,11) and (2. 15), we obtain for
the constants A, B**, C, D and E* and for the amplitude of perturbations of the dis-
continuity surface Z the following system of equations:

D+[1 i p:g Z(lm—M —\]F*+uoz 0 (2.16)

A+ B¥* —eC —eE* inpZ =0, A+B**J~C|— E*+p—kZ 0
<l0)4———k\ A ’(—5-2——1v>kB**+(im———é—km}—psgz—(87->C—
B 1
—psgl%—D—}—[sz(?——1>'~;—p5gz]kZ=0
pi—ikA—!»p—g,fkl?**—f“:‘/im—-ik—ksgz%\,C—
ﬁ[i(o(l—ks)#ugz U]D.L 10p — k+——k3>Z=0

We thus have a homogeneous system of five equations in five unknowns (we remind
that in each case only one of the values with an asterisk in the superscript differs from
zero), The condition of existence of nontrivial solutions of system (2.16) yields the
equation for . The looked for condition of stability is derived from the analysis of the
sign of the imaginary part of the roots of this equation,

Let us consider separately the two variants of the discontinuity surface,

Discontinuity surface of the first kind, When the suspended layer lies
over a homogeneous dispersing medium, g, = -+ g, U << 0 and B** = (. The
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characteristic equation of system (2,16) is a fifth power algebraic equation in @. The
analysis of its roots is considerably simplified if one takes into consideration that the
left-hand side of this equation can be written as the product of second and third order
polynomials, The characteristic equation can be written as

I, (@) I, (Q) = 0, Q= —io (2.17)

o U esg 14-ps5° ___esg
IL®) =2 +<?k— 7 Trs )T TEs k

II;(Q) = qyQ3% + a,Q% + a,Q + a3
ap=2+(1+¢)s, a1=—_8—aok—%(2+ps)cg

az_“‘i;;”kwr—g—mkwr(zza— 1) ogh

ay= — S i (S 0%+ 1) — G U+ T pogUR pesig®

It is now clear from (2,13) that the roots of polynomial II, () reduce the difference
As~ — k to zero, But, then, it follows from (2. 16) and (2. 15) that, when none of these
roots is a root of polynomial II; (£2), the corresponding solutions of system (2.16) are
such that all perturbations are of zero amplitude, Hence it is sufficient to consider only
the roots of polynomial II; (RQ).

The definition of Q implies a negative Re Q as the condition of stability, Applying
the Hurwitz criterion to polynomial Ilg (), we obtain the following necessary and
sufficient conditions for stahility

a, >0, a,a, — aga; > 0, as >0 (2.18)

It will be seen from (2.17) that the first of these conditions is independent of the wave
number [ and is always satisfied. The second condition may be written as
Sk TS (4 (L4 p3)og >0
Clearly, this condition is satisfied for any 4 (we recall that by definition £ 2> 0).
The remaining third condition is convemently presented in the dlmenslonless form

1 32 1 1 & 9
A 4 A _\: b A e Mo (2.19)
3 Nt/ asg
A= S 2-' - \ pda U4 /
Hence the discontinuity surface is stable for all wave numbers satisfying the inequality
- 58 g

where A, is the only one positive root of the polynomial at the left-hand side of inequa-
lity (2.19)., When i <_ £k, , the discontinuity is unstable.
Discontinuity surface of the second kind, In this case the homogene~

ous dispersing medium lies above the suspended layer,and g, = — g, ' >0 and
¥ = U. The characteristic equation of system (2, 16) may be written as (2.21)
(@ — Uk L+ 120 jer o g 70+ HED B 4 LU - ogh |- 0,

Q:—i(\)
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The root Q = Uk corresponds to Az"= -— k and, as in the case of a discontinuity

surface of the first kind, the amplitudes of all perturbations are zero, The other two roots
of the characteristic equation have, obviously, negative real parts for any £ > 0.

Thus the discontinuity surface considered here is always stable with perturbations of

any frequency, and this agrees with experimental data, Since this result, as evinced by

(2.21), is independent of the value of surface tension, it is not surprising that Murray [6]
had arrived at the correct conclusion in spite of incorrectly stipulated boundary condi-
tions at the discontinuity surface,

In conclusion we would note that the results obtained here can be extended by a simi-

lar method to the case of nonlinear resistance of particles and of a suspended layer of
finite thickness,

1.

10,
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